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ABSTRACT 

For the generalized Jacobi, Laguerre and Hermite polynomials Pn""''^"'\x), Li^"'\x), 
Hn"'\x) the limit distributions of the zeros are found, when the sequences or (3^ 
tend to infinity with a larger order than n. The derivation uses special properties of the 
sequences in the corresponding recurrence formulae. The results are used to give second 
order approximations for the largest and smallest zero which improve (and generalize) the 
limit statements in a paper of Moak, Saff and Varga [11]. 



1. Introduction. The aim of this paper is to give some new asymptotic results for 
the zeros of the classical orthogonal polynomials. To be precise let Pn"'^\x), lI^\x) and 
Hn^ (x) denote the Jacobi, Laguerre and Hermite polynomials orthogonal with respect to 
the measures {1 — x)°'{l + x)^dx (a, P > —l,xe [—l,l]),x°'e~^dx {a > —l,xe [0, oo)) 
and \x\'^'^ e~'^'^ dx (7 > — |, a; e (—00, 00)), respectively (see Szego [15]). In the following we 
will allow the weight functions to depend on the degree of the polynomials and consider the 
"generalized" classical orthogonal polynomials Pi°'"''^"'\x), lI^"'\x) and Hn"'\x) where 
(an)neJV, (/5n)neJV and (7n)neJV are sequences of real numbers {an, Pn > -l,7n > -|)- 
These polynomials are, in general, not orthogonal on the corresponding intervals, which 
reduces the number of methods for investigating their properties. If an, Pn are linear 
functions of n various asymptotic results for the generalized Jacobi polynomials can be 

* Research supported in part by the Deutsche Forschungsgemeinschaft. 
** Research supported in part by NSF Grant DMS 9101730. 
AMS Subject Classification: 33C45. 

Keywords and phrases: Jacobi polynomials, Laguerre polynomials, Hermite polynomials, 

asymptotic zero distribution, chain sequences 



1 



found in papers of Moak, Saff and Varga [11], Gonchar and Rakhmanov [8], Mhaskar and 
Saff [10], Gawronski and Shawyer [7], Chen and Ismail [2] and Ismail and Li [9]. A different 
approach (fixing the degree of the polynomials and varying the parameters) was discussed 
in Elbert and Laforgia [4] . Generalized Laguerre and Hermite polynomials with parameters 
depending linearly on n have been studied in Chen and Ismail [2] and Gawronski [6]. In 
this paper we will investigate the asymptotic behaviour of the zeros of the generalized 
classical orthogonal polynomials when the sequences of the parameters tend to infinity 
with a larger order than n. 

In Section 2 we find the limit distribution for the (suitable standardized) zeros of the 
generalized Jacobi polynomials while Section 3 states similar results for the generalized 
Laguerre and Hermite polynomials. It turns out that there exist essentially three types 
of limit distributions (Corollary 2.3, 2.4, 2.5 and 2.6) depending on the order of Pn 
and 7„. Section 4 deals with second order approximations for the largest and smallest 
zero of the classical orthogonal polynomials which improve the statements of [11] for the 
Jacobi case. The results of this paper are based on certain characterizing properties of the 
chain sequences of the Jacobi, Laguerre and Hermite measure which have recently been 
established in a paper of Dette and Studden [3] . This approach allows a very simple deriva- 
tion of asymptotic properties for the zeros of the corresponding "generalized" orthogonal 
polynomials. 



2. The asymptotic distribution of the zeros of the generalized Jacobi polyno- 
mials. Let an,Pn > —1 for all n £ then the zeros of Pn°'"''^"'\x) are all simple and 
located in the interval (—1,1). For ^ e Mwe define 

(2.1) iv(«-'/5")(^) ^{x I P^""'^")(a;) = 0, x < ^} 

as the number of zeros of Pn°'"''^"'\x) that are less or equal than ^ and ^('*"-"^") as the (dis- 
crete) uniform distribution on the set {a;|Pi'*"'^"^(a;) = 0}, i.e. ^(""'/3")(^) = iAr(a",/3rx)(^). 
For every probability measure on the interval [—1,1] let ^fj,{z) denote the Stieltjes trans- 
form of fj, with corresponding continued fraction expansion 

dl^{x) 1 I 2Ci| 2(2 I 



(2.2) ^^{z):^ j ^ 



z — X \z + 1 \ 1 \z + l 

1 I 4ClC2 I 4C3C4 



\z + l-2Ci |2;+1-2(C2 + C3) |2;+1-2(C4 + C5) 
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where = pi,Cj = (1 ~ Pj-i)Pj (j ^ 2) and the quantities pj in the chain sequences 
(O)je-SV are bijective continuous functions of the moments of the measure fi (see Perron [13], 
Wall [16] and Skibinsky [14]). The following result characterizes the uniform distribution 
Ij^{an,l3n) in terms of the quantities pj and is an immediate consequence from Lemma 2.1, 
Lemma 2.2 and Theorem 3.1 of Dette and Studden [3]. 

Proposition 2.1. The uniform distribution ^(""'^") on the set {x\Pn°''^'^"\x) = 0} is 
uniquely determined by the chain sequence 

(n) n-i 

P2i = 



2(n - i) + 1 + an + Pn 
(2.3) i = l,...,n 

(n) /3n+n-i + l 

P2i-1 - 



2(n - Z + 1) + CKn + /?n 

in the corresponding continued fraction expansion (2.2). 

Theorem 2.2. Let iV(«"./3")(^) be defined in (2.1) and assume that there exists sequences 
{dn)ne]N and {,£n)neiN (<^n > 0) and constants ai, 02 G iR, 61, 62 > such that the following 
limits exist 

(2.4) lim 1 ( ^ + ^- , -sn] = ^-^ 

1- 1 ( iT'{n + an) + {n + (3n) jn + an + Pn) ^ _ «2 



n— >oo 



.^^x 1 {n + Pn){n + an)n _ h 

^'•'^ r!'^oo6l {2n + an + Pnr " 4 

.2^N 1 (n + /3n)(?^ + Qn)(?^ + «n +/3n)^ _ h 

^ ' ^ n'-^6l (2n + an + /3n)^ ~ 4 



then 



1 

(2.8) lim -iV(""'^")(5ne + 2£„-l) = / 

where the limiting density is given by 

y(oi, 02, 61,62)^^^ . _ 
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,2 u ^ u2 ifk-a2|<2V6^ 



27T (62 - bi)x'^ + (6ia2 + biai — 2b2a\)x + b2a\ — 010261 + b\ 
otherwise. 
Proof: Let jin denote the uniform distribution on the set 

then we obtain from (2.2) and Proposition 2.1 for the corresponding Stieltjes transform 



5nZ + 2Sn — I — X 

(2-9) (n) I x(n) 

_ 1 I -^1 I K-1 



\z — r]l \z — r]2 \z — rjn 



where pg"'-' = 0, p^^l = 0, 



= 4(1-Pg^2)pg^i(l-Pg^i)pg^ (i = l,...,n-l), 

and the p^^^ are defined in (2.3). From the hmit assumptions (2.4) and (2.6) of the theorem 
and (2.3) it follows that 

hm aS") = hm - (n-l)(n + aJ(n + /3J _ ^ 



and 

(n) 2 f n + Pn \ 

hm ?7} ^ = — — — — — - En] = ai . 

n^oo dn \2n + an + Pn J 

Similary we have from (2.5) and (2.7) 

lim A^"'' = 62 , lim ry-""^ = 02 {j > 2). 

n—foo ■' n—>oo ■' 

Because the quantities in the continued fraction expansion of the Stieltjes transform are 
bijective continuous functions of the moments of the given distribution we obtain that the 
moments of Hn converge to the moments of a distribution jj. with Stieltjes transform 

1 I ^1 I ^2 I ^2 I 



\z — ai \z — a2 \z — a2 \z — a2 

1 (262 - bi)z + (bia2 - 26201) - 61^(2: - a2Y - 4^2 

2 (62 - bi)z'^ + z{bia2 + biai — 26201) + 6201 - 01^261 + fef 
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(here the last equahty follows by straightforward algebra). From Theorem 40 of Nevai 
([12], p. 143) we have that /j, has a density in the interval [02 — a2 + 2-\/52] and by 

the inversion formula for Stieltjes transforms (see e.g. [13]) this density is given by 

--Im($^(x)) = /(«i''^2'^i'''2)(a;) if a; e [02 - 2v^, as + 2v^]. 

TT 

Therefore the limit distribution ^ is determined by its moments and it follows from well 
known results of probability theory (see e.g. Feller [5], p. 263) that jin converges weakly 
with limit that is 

1 

lim -iV^""'^")(5„^ + 2£„ -1) = lim //^(O = At(0 = / f^''^^''^^^^^^^\x)dx 



In the following we will apply Theorem 2.2 to special sequences an, which might 
be of interest in applications. All results can be proved by straightforward (but sometimes 
tedious) calculations checking the conditions of Theorem 2.2 and we only sketch the proof 
of Corollary 2.4. Corollary 2.3 has already been established in [7] as an application of 
strong asymptotic results for the Jacobi polynomials, the other results are new. 

Corollary 2.3. Let lim ^ = a and lim ^ = b (a, b>0) then 

n— >oo n^oo 

T 1 AT-fa d '2 + a + b ^/{r2 - x){x - n) 

hm -Ar''""''^-''(0 = / — -\ -dx rx<i<r2 

n^oo n 27r \ — x^ 



where 



b^-c? + 4v/(a + l)(6 + l)(a + 6+l) 
ri,2 :- 



(2 + a + 6)2 

Corollary 2.4. Let hm ^ = 00, lim ^ = 00 and lim ^ = c > 0, then 

n— >oo n— >oo " n— »oo 

lim ^-N^^M & _ ^ILJI^^ = A ^f^^^dx lel < cj 

n^oon \\ OLn Otn+PnJ -^CT J -a 

where a = 4c/(l + c)^/2_ 

Proof: In Theorem 2.2 we put 5„ = ^/n/a^ and e„ = Pn/{<^n + Pn)- The asumptions 
(2.4), (2.5), (2.6) and (2.7) are satifisfied with ai = a2 = 0, 61 = 62 = 40^/(1 + c)^ and the 
assertion follows from (2.8). ■ 
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Corollary 2.5. Let lim ^ = 00 and lim ^ = 6 > 0, then 

" n— >oo 

1 a/(s2 - x){x - Si 



lim lN^^-'f^-\—^-l) = — / 

n^oo n Qln 47r 



where ^1,2 = 2(2 + 6) ± 4\/l + 6. 



Corollary 2.6. Let hm ^ = 00, hm ^^2^ = 00 and hm ^ = 00, then 

lin, lAr(«.,/3.) f Vn^^ _ ^n±2VnP^\ ^ J_ ^ (Q - :c){x + 2) dx 
n^ocn \ an 2n + an + Pn J 87r7_2^^ ^ 



for aU -2 < ^ < 6. 



Example 2.7. Letting an — n"^ , Pn — in Corollary 2.6 we have that 

,,3 _ ^2 _i_ 1 ri 

n— >oo 77, 



n^oon V"- n3 + n2 + 2 y Stt J_2 



for all — 2 < ^ < 6, or equivalently 



(2.10) lim iiV("--"") f 4« + A _ "'-";+^" ) = 2 ^^^^ 

It should be noted that the location sequences 2£^ — 1 in Theorem 2.2 can be changed 
by an addition of an amount Qn, and maintain the same limit, only if gn/5n 0. This 
means that the limit distribution of :^-/V'^"*'"^^ (42-£ — 1) is not the same as (2.10). We can 
however simplify this to 



n^oo n ) 'K J_i 



Remark 2.8 The results of Corollary 2.3 - 2.6 can be motivated heuristically in the 
following way. As an example consider the situation of Corollary 2.4 for = Pn (i-e. 
c = 1). Because the polynomials ^^'^"'""■'(a/tV^^) ^ire orthogonal on the interval 
\—\/ OLnl'^i y/ Oin/'n\ with respect to the weight function 



1 — I fti e "^^^ 



we may expect that the uniform distribution on the set 



has the same hmit behaviour as the uniform distribution on the set 

I Hn{x) = 0} 

(here Hn{x) denotes the n-th Hermite polynomial). The weak limit of this distribution is 
known to be the measure with density 'k~^\/2 — x"^ on the interval [— v^, -\/2] (see e.g. [3]). 

The case an ^ Pn is similar. Thus the Jacobi weight function when properly scaled is 
approximately the Hermite weight function, under the conditions of Corollary 2.4. If 
and Pn go to infinity faster than n we might except the zeros of Pt"'^''\x) to behave like 
the Hermite polynomials when properly scaled. 

If a and b are both zero in Corollary 2.3 the limit density is the classical arc-sin 
distribution. So if an and both go to infinity slower than n as in Corollary 2.3, then 
the zero of Pi''"'^"\a;) behave like the arc-sin distribution. The limit distributions in 
Corollary 2.5 and 2.6 are somewhat similar. The limit distribution in Corollary 2.5 is like 
the Laguerre case and Corollary 2.6 is like the Hermite. ■ 



3. The asymptotic distribution of the zeros of the generalized Laguerre and 
Hermite polynomials. Throughout this section let 

jV("»)(^): = # I X I 4-")(x) = 0, X < 

M(7.)(e): = # { a; I = 0, a; < c} 

denote the number of zeros of the generalized Laguerre and Hermite polynomials less or 
equal than ^, respectively. The following theorem can be proved by similar arguments as in 
Section 2 using the corresponding characterization for the Laguerre polynomials in [3] . Its 
first part was also derived in [6] as an application of strong asymptotics for the generalized 
Laguerre polynomials and is given here for the sake of completeness. 

Theorem 3.1. 

a) Let lim ^ = a > 0, then 

n—^oo 

lim liV(-)(nO = ^ y^^^^^^^dx r,<^<r,, 
n—^oo n 2tt J^^ X 
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where ri^2 = 2 + a ± 2\/l + a 
b) Let lim — = cxo, then 

hm -iV(°")(7^^ + a^) = ^ t ^/I^^dx ICI < 2 . 

n^oo n ZTT J_2 

The corresponding results for the generahzed Hermite polynomials can easily be derived 
from Theorem 3.1 and the relations {n > 0) 

H^^l-\x) = (-l)"22-n!L(7"-^/2)(x2) 
Ht+i{x) = (-l)"22"+in!a;L(7"-i/2)(a;2) 

(see e.g. Chihara [1]). 

Theorem 3.2. 

a) Let hm ^ = c> 0, then 

1 

lim -M(T")(VnO = / f{x)dx -a<^<a 

n^oo n J_^ 

where a = a/I + c + Vl + 2c, p = \/l + c — Vl + 2c and 



1 V(^2-p2)(a2-x5 .f^^i^i^^ 



otherwise . 

b) Let lim ^ = oo, then 

lim Im^^") ( J Vl^^'' + 1^) = l + - t ^V2 - x'^dx < e < ^ . 

n^oo n \^V* J 2 Tl Jq 

Remark 3.3. The first part of Theorem 3.2 can also be found in [6]. It is also worthwhile 
to mention that in contrary to all other results in this paper the normalizing sequence in 
Theorem 3.2b) is nonlinear. ■ 



4. Asymptotics for the largest and smallest zero. Using the Sturm Comparison 
Theory the following limit theorem for the largest and smallest zero of the Jacobi polyno- 
mials P^""'^"^(a;) was proved in [11] (a different proof can be found in a recent paper [9] 
using general results for bounds of the extreme zeros of orthogonal polynomials). 
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Theorem (Moak, SafF, Varga) Let ri'*"'^"^ and s^""'^""* denote, respectively, the smallest 
and largest zeros of the generalized Jacobi polynomials Pn°'"''^"\x). If 

lim = A and lim — = B, 

n^oo 2n + CKn + Pn 2n + + Pn 



then 



where 



lim r^""'^") = rA,B and lim s^^'*""^") = sa. 



B 



rA,B, SA,B = B^-A''± + 52 _ 1)2 _ 4^252 . 

Furthermore the zeros of the sequence {Pn""''^"'*(a;)}^o dense in the interval [ra,b, Sa,b\- 

In the cases considered in Corollaries 2.4, 2.5 and 2.6 it can easily be shown that A + 
B = 1 and the interval [rA,B, sa,b] degenerates to the points —1 and —1, respectively. 
The results of the previous sections suggest that we can find similar statements as in 
the above theorem when the sequences an and/or converge to infinity with a larger 
order than n, provided that the zeros of the orthogonal polynomials are standardized 
appropriately. In fact we have the following second order approximations for the zeros of 
the generalized Jacobi polynomials Pi'^"'^"\x) when an/n — > +00 and/or Pn/n +00. 

Theorem 4.1. Let r-n"""^"^ and s^"''^"'^ denote, respectively, the smallest and largest zero 
ofthegeneralized Jacobi polynomials Pn""'^"''(ic), assume that lim ^ = 00, lim ^ = 00 

n— >oo n—^oo 

and lim ^ = c > 0, then 

n— >oo 



n-ooY n t " an + Pn) (1 + c)3/2 



n— >oo V n 




Furthermore, the zeros of 



n 




n 



, Pn 
X + 



become dense in the interval [-4c(l + c)"^/^, 4c(l + c)"^/^] 
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Proof: By Theorem 2 of [9] we obtain for the largest zero si'*"'^"^ of Pt^'^'^^x) the 
upper bound 

(4.1) sl^r.,M < niax{s„(A;) \ < k < n} 

where 

s (k) = - Q^n . ^ 



2 



(2A; - 2 + an + Pn){2k + 2 + an + Pn)J {2k-l + an + Pn){2k + 1 + an + Pn) 

(note that there is a typographical error in the paper [9], p. 138). If (3n > ctn it follows 
that 

(4.2) snik) < «W := §^ + .^^^^^ V9{c^n,Pn) + h{an,Pn) 

Pn ' OLfi ^ ~r OLfi -r Pn 

where ^ 

g{an,Pn) := ( J 

and 

, . /3 \ _ 4n(n + Qfn) {n + /3n) (n + Qn + /3n) 
n[an,Pn):- («„+/3, + l)(c„ + /3, + 3) " 

On the other hand, if I3n < ocn-, we have 

and consequently from (4.1), (4.2) and (4.3) 

(4.4) gi^r^M < max{sW,s^2)} . 

Now straightforward algebra now yields that 

n^oo [2 + an + Pn) (c+1)^ 

(4-6) lim —77— , ^ xo • h{an,Pn) = 
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and by a combination of (4.2), (4.3), (4.5) and (4.6) it follows that 
This implies (observing (4.4)) 

. ^n-Pn] ^ 4C 



(4.7) hm sup J — 4""'^"^ + < . 

It is clear from Corollary 2.4 that equality must hold in (4.7); which proves the assertion 
regarding the largest zero. The corresponding statement for the smallest zero ri^"-'^"-^ 
follows from the well known relation Pn°''^\x) = Pi^''^\—x) and the first part. Finally 
the statement regarding the denseness of the zeros also follows from Corollary 2.4. ■ 

In the following theorems we consider the remaining cases of Corollary 2.5 and 2.6 for the 
Jacobi polynomials and the corresponding results for the generalized Laguerre and Hermite 
polynomials. The proofs are similar to that of Theorem 4.1 and therefore omitted. 

Theorem 4.2. Let r^""'^"'' and s^""''^"-' denote, respectively, the smallest and largest 
zero of the generalized Jacobi polynomials Pn°''^'^'^\x) and assume that lirn ^ = oo and 
lim ^ = 6 > 0, then 



n—^oo " 



a 

Furthermore, the zeros of 



lim ^{s(^n,P^) ^ ^ 2{2 + b) + 4VlTb 

l—^00 n 

lim — {r^""'^") + 1} = 2{2 + b)-4:Vl + b . 



\Oln J 



become dense in the interval [2(2 + b) - 4\/l + b, 2(2 + 6) + 4^/TTb]. 

Theorem 4.3. Let r^'*""^"^ and s^"''^"^ denote, respectively, the smallest and largest zero 
of the generalized Jacobi polynomials pji°'"''^"\x), assume that lim ^ = oo, lim ^ — 

n— >oo n— >oo 

oo, lim ^ = oo and let = (an + 2^JnPn — Pn)l (2n + ctn + /?n), then 

n— >oo 

hm -^{s^^M^Sn) = 6 



hm -^{ri-M+s^} = -2. 



11 



Furthermore, the zeros of the sequence 



p(a„,/3„) 



n 



( \fn^^ 

F - Br. 



become dense in the interval [—2, 6]. 



Theorem 4.4. Let ri""^ and si""'*, respectively, denote the smallest and largest zero of 



the generalized Laguerre polynomials Li""''(x). 
a) Assume that lim ^ = a > 0, then 



lim — — = 2 + a + 2Vl + a 

n^oo n 

lim — — = 2 + a-2Vl + a . 

n— >oo 77, 



Furthermore, the zeros are dense in the interval [2 + a — 2-\/l + 2 + a + 

2VrTa]. 
b) Assume that lim ^ = oo, then 



lim 



lim ^ = -2 



Furthermore, the zeros of L^n'^^ {\JnoLnX + become dense in the interval [—2,2]. 

Theorem 4.5. Let p+ (p~) and (T+ (ct") denote, respectively, the smallest and largest 
positive (negative) zero of the generalized Hermite polynomials H^'^\x). 
a) Assume that lim — — c > 0, then 



r + 



lim % = - lim = Jl + c+VlT2^ = a 



n^oo 



lim ^ = - lim % = \/l + c-yrT2^ = P 



n— >oo 



Furthermore, the zeros of Hn"'\y/rix) become dense in [—a, —p] U [p, a] 
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b) Assume that lim ^ = 00, then 

n— »oo " 

hm = hm ^Pnf-^n ^ ^ 

hm ^^nf-lr. ^ ^.^ {p-^?-ln ^ ^ 

Furthermore, the zeros of Hn"^^ {^\/ ^ri'^n'^^'^ + 7n) become dense in the interval [— \/2, a/2] • 
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